Section 1.8: Continuity
Definition: Continuity at a Point A function f is continuous at a
number c if
lim f(x) = f(c).

X—C

This definition is equivalent to the three statements
(1) f(c) is defined (i.e. c is in the domain of f),

2) )I(|_n>qc f(x) exists, and

(3) the limit actually equals the function value.

If a function f is not continuous at ¢, we may say that f is
discontinuous at c
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Question

Suppose f is continuous at —4 and f(—4) = 2r. Then
Jim f(x) = £y = 2c

(a) —4

(b) —8x

@27r

(d) can’t be determined without more information
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A Theorem on Continuous Functions

Theorem If f and g are continuous at ¢ and for any constant k, the
following are also continuous at c:

(Vf+g, (if-g, C(iiykf, (iv)fg, and (v);, if g(c) # 0.

In other words, if we combine continuous functions using addition,
subtraction, multiplication, division, and using constant factors, the
result is also continuous—provided of course that we don’t introduce
division by zero.

January 31, 2017 3/60



Questions

(1 )@;r False If f is continuous at 3 and g is continuous at 3, then it

must be that
lim f(x)g(x) = £(3)g(3).

x—3 \\(7\

\

By

(2) True or@f f(2) =1 and g(2) = 7, then it must be that

f(x) 1 Consraon

Mot " 7 |, X2
foa- o x<2
g F
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Continuity on an Interval

Definition A function is continuous on an interval (a, b) if it is
continuous at each point in (a, b). A function is continuous on an
interval such as (a, b] or [a, b) or [a, b] provided it is continuous on
(a, b) and has one sided continuity at each included end point.

Graphically speaking, if f(x) is continuous on an interval (a, b), then
the curve y = f(x) will have no holes or gaps.
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Find all values of A such that f is continuous on

(—o0, 00).
N \".V\ (PN
X+A x<2 The picens Oar Gonbmonss,
f(X): .\_D lonow whot
Ax2 -3, 2<x e red
hogpens &

(e FegoNt
T b s by

X932

fey<a@-3 =4YA-3
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finn

2

x—vz

For

foo - 9“‘ (x+A) = 2 £ A

-2

Py - 0= (AZ-3) HA-3

xa2+

N 0( AL\, Q\‘I\-\A" ';\— PR E ‘LL —\'\'\o’\'

b~ _ A
ag- A8 =500 fuo
2+A = \”5‘,3

§:3A = A:%
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Ss ('\\5 ooy Q2 ‘.(L A:% .
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X+A x<2

f(x)
Ax? -3, 2<x

Figure: On the left, A # 2; on the right A = 3.
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Compositions

Suppose )I(imc g(x) =L, and f is continuous at L, then
*)

lim f(g(x)) =f(L) ie. lim f(g(x)):f(xliang(x)).

X—C

Theorem: If g is continuous at ¢ and f is continuous at g(c), then
(f o 9)(x) is continuous at c.

Essentially, this says that "compositions of continuous functions are
continuous.”
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Example
Suppose we know that f(x) = €* is continuous on (—oo, oc0)'. Evaluate

lim ex2+ln(2) R -
x=/In(3) 1£ g Xeh2, X o quedrakic

and S (ondunuonS e\ro’v)b*"w\u.

s S flgua)

v b oS -

‘p (63} W Con\s\‘\\/\ Elin

*
X1+.°n1
0 e (You3 \ t a2 e!)v»'?+9h7.

X3 Y03 e <

_ W3 2

e e =326
"This is true.
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Inverse Functions

Theorem: If f is a one to one function that is continuous on its domain,
then its inverse function f~! is continuous on its domain.

Continuous functions (with inverses) have continuous inverses.
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Theorem:

Intermediate Value Theorem (IVT) Suppose f is continuous on the

closed interval [a, b] and let N be any number between f(a) and f(b).
Then there exists c in the interval (a, b) such that f(c) = N.

Lieen
P\ (‘w\)\;‘r\\)‘bbf LLAO*‘IOV\ !\AV\S\- ‘\"ﬁ\u‘L on QVVD \la\""L \B'e' wet

Loy oo o
((@\ e

R\

“ e

—_>

{1
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Application of the IVT

Show that the equation has at least one solution in the interval.

B+x2—4=0 1<x<2

L) 'p()Q z )[s-r yi—k{ R sulaey Yo A ejuakion
bhe o rost ot ‘C Ae q€~\5«a~‘-0.9~

\.ﬂ\)\o\l\,

/
l|\' 1y C/Cw\kl‘.v‘ Q0w S
'P'\S R oo £ av X Na\g) Sa

on E\ }'L] (

Ply= Vap-Y =24 =-2

flay s 2+ -4= 8+d-4= 8
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Section 1.4: Limits and Continuity of Trigonometric,
Exponential and Logarithmic Functions

Here we list without proof? the continuity properties of several well
known functions.

sin x: The sine function y = sin x is continuous on its domain (—oc, o).
cos x: The cosine function y = cos x is continuous on its domain (—oo, o).
e*: The exponential function y = e* is continuous on its domain (—oo, o).

In(x): The natural log function y = In(x) is continuous on its domain (0, oo).

2You are already familiar with their graphs.
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Additional Functions

» By the quotient property, each of tan x, cot x, sec x and csc x are
continuous on each of their respective domains.

» For a > 0 with a # 1, the function
2= exln a

By the composition property, each exponential function y = a* is
continuous on (—oo, c0).

» For a > 0 with a # 1, the function

In x

log,(x) = na

By the constant multiple property, each logarithm function
y =log,(x) is continuous on (0, co).
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What does all this mean?

The common functions we use, polynomial and rational functions,
trigonometric functions, and logs and exponentials are continuous
everywhere on their respective domains.

So, if f is anyone of these functions and c is a number in its domain,
then )I(lmc f(x) = f(c).
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Example
Evaluate each limit.

(@) lim cos(x + sinx) ore o\l
X—m

- COS( T S'm“‘)

= (‘oS(T?GB

= Cos ()

‘a:)‘) ‘): S.\"‘x3 \0: CoSy
m\r\v\\nuf

ewﬂm .

So Cor (3t Smx) 1S
e

Con X. V\'-“\"r

"
\
—_—
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Example

(b) lim e®@"!

us
t—=7

Een

:H
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Question

Evaluate the limit lim In(cos? x).
X—T

(@ e I g (ob) = 0 (o)
(b) 1 1

= D ((—D)
(c) DNE

:_9,/\1_ =0
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Squeeze Theorem:

Theorem: Suppose f(x) < g(x) < h(x) for all x in an interval
containing ¢ except possibly at c. If

fm () = Jim, ) = L

then
lim g(x) = L.

X—C
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6 ¢
Squeeze Theorem: fea ¢ g M,Q
bo (el et e Wwoo= |

X C

hix)

Figure: Graphical Representation of the Squeeze Theorem.
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Example: Evaluate Lok defued @ O°0

Swg
r\swk' HPa Gwne S \Oavn A-CA '

(!im ezsin%
~0 -\ < S'm-\é = \
2 Ul
M. by O 1ot ¢ O'sng € 10
RO P‘,s;)/‘.v( L 5
e ol 910 -0 ¢ o' ¢ O
’ % "
In @\'S\wlé 0 by the

b g0 ae I~ -0 = ou0

0.0 020 Squeere e aren
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A Couple of Important Limits

Theorem: lim >™% — 1 and 1im %971 _g
00 6 6—0 0
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Notational Note
The name of the variable used is irrelevant. That is

. sing sin®
im — = =
0—0 0 x—0 X o—0 QO

. sinx :
1, lim =1, lim

1

In fact, this only requires the argument of the sine to match the

denominator (exactly) and that this term is tending to zero. For
example,

. sin(66) .
im—eg - and Im—5
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Examples

Use lim $1¢ = 1 to evaluate each limit. - Sinlw)
. sin(4x Le L.
[ . k- e
@ Al w}x z How Lt 0
)
N

foo Sl | Qo Suln) (—“—5

X- b X x>0 X

S'm(}l)c)
Qw\ S»v\(q)tx .\_‘_ - Dn-\ q .ﬁ
X=0 \(x |
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(b) lim Owt (s 3H)
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Questions

(1) Evaluate if possible  lim M
X—

X
(@) % Em () * oo
1 S
Uy i ’2(0}(2\:) 2x
(c) 2
(d) DNE
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A couple of important observations

- . COSX
lim cosx =1, soforexample Iim DNE

x—0 x—0

While itis true that lim SINX — 1, the statement
X—

sin x
=7 A
X

is always false! Don’t be tempted to write this.

Also remember that sin(kx) # ksin(x). Don’t be tempted to try to factor
out of a trig function.
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