Math 3100

Section 1.9: The Matrix for a Linear Transformation

Recall that Definition: A transformation T : R" — R™is linear
provided

(i) T(u+v) = T(u)+ T(v) for every u, v in the domain of T, and

(i) T(cu) = cT(u) for every scalar ¢ and vector u in the domain of T.
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Theorem

Let T : R" — R™ be a linear transformation. There exists a unique
m x n matrix A such that

T(x) = Ax forevery xecR".

Moreover, this matrix, called the standard matrix for the linear
transformation T is

A=[T(e1) T(ex) --- T(en).

2/16



Example’
Let T : R? — R? be the projection transformation that projects each

point onto the x; axis
Xq X
([])-13]

Find the standard matrix for T.
e vxceX _\-(é’\ 3
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'See pages 73-75 in Lay for matrices associated with other geometric
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The Property Onto

Definition: A mapping 7 : R” — R is said to be onto R™ if each b
in R™ is the image of at least one x in R"—i.e. if the range of T is all of
the codomain.

If T:R" — R™is an onto transformation, then the equation
T(x)=Db

is always solvable. If T is a linear transformation with standard matrix
A, then this is equivalent to saying Ax = b is always consistent.

5/16



Determine if the transformation is onto. ~
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The Property One to One

Definition: A mapping T : R” — R™ is said to be one to one if each
b in R™ is the image of at most one x in R".

If T:R" — R™is a one to one transformation, then the equation

T(x)=T(y) isonlytruewhen x=y.

8/16



Determine if the transformation is one to one.

e Com Mead \\N, Solnhon sk
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Some Theorems on Onto and One to One

Theorem: Let T : R" — R be a linear transformation. Then T is

one to one if and only if the homogeneous equation T(x) = 0 has only
the trivial solution.

Theorem: Let T : R" — R be a linear transformation, and let A be
the standard matrix for T. Then

(i) T is onto if and only if the columns of A span R™, and

(i) T is one to one if and only if the columns of A are linearly
independent.
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Example

Let T(x1,x2) = (X1,2X1 — X2,3x2). Verify that T isonetoone. Is T
onto?

3
Nsle /' \?\Z Q

() [

s (- 2]
T -1 M

12/16



13/16



St\\ﬁAF\ov\ G~r*:’(L
\ [¢] o | © 6
¥ =0 2 - o0 I o | o
Ax o 3 o 6 6 O
X, -0
)(7’70

P\‘)’(—f) \1\0\5 Ov\y '\/\N" '\‘(\\/\C»Q

<’b'uxon . T [ESEENTAN b oy

14/16



0v~é wn(; AA\ A‘; < \o . _n,\l G\ASMV\)H,A

(e

MCM
| [o] Bl (reﬁ' | 0 b\
2 ol ey | T |0 v 2hithy

ﬂrlhk- S\j§x1ﬁh\ '\S "“ Con S\ <ﬁfbv-\’ \ c

Ly +3b, = kb *0

T WS nor  oako .

15/16



