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Heat Equation - Insulated BCs

The Heat Equation - Insulated BCs:
ou  0%u
ot " ox2’

with initial conditions (ICs) and Neumann or Insulated
boundary conditions (BCs):

t>0, O0<z<L,

u(z,0) = f(z), 0<axz<L, with u,(0,t)=0 and wuy(L,t)=0.

Separation of Variables: Again we separate the temperature
u(zx,t) into a product of a function of z and a function of ¢

u(z,t) = ¢(z)G(t)
From the PDE we have

G/id)//i
kG~ 6

oG =k¢"G or -2
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Heat Equation - Insulated BCs

Two ODEs: The separation of variables leaves to ODEs. The
time-varying ODE is:
G’ = —k)\G,

which has the solution
G(t) = Ae kAt

The associated Sturm-Liouville/BVP in space, z, is
¢ +Xp=0  with ¢(0)=0 and ¢'(L)=0.
We must consider 3 cases, depending on A.

Case (i): Let A=0, then ¢’ =0 or ¢(z) = cox + c1.

The BCs give ¢'(0) = ¢/(L) = co = 0. However, ¢; is arbitrary, so we
have an eigenvalue Ag = 0 with associated eigenfunction:
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Heat Equation - Insulated BCs

Case (ii): Let A= —a? <0, then ¢ —a?¢p =0, so
@(x) = ¢1 cosh(ax) + cg sinh(ax).

The BC at = 0 gives ¢/'(0) = coaa =0, so c3 = 0.
Similarly, ¢'(L) = ¢jasinh(al) =0, so ¢; = 0.
Thus, if A < 0, only the trivial solution, ¢(x) = 0, satisfies the BCs.
Case (iii): Let A\=a? >0, then ¢" + a?¢ =0, so

¢(x) = c1 cos(ax) + co sin(ax).
The BC at = 0 gives ¢’'(0) = coaa =0, so ¢2 = 0.
The other BC gives ¢'(L) = —c;asin(aL) = 0.
Since we do NOT want the trivial solution, we need sin(aL) = 0 or

alL=nw, n=1,2,...o0r

nm Tl27T2

L MTE
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Heat Equation - Insulated BCs

Case (iii): (cont.) Since the arbitrary constant is associated with
the cosine function, the eigenfunction is:

nmx

on(x) = cos (T) .

The product solutions are:

,TL27I'2,
ug(z,t) =1 and up(x,t) = R (?) .

The Superposition Principle gives the solution:

> 71,271'2
u(z,t) = Ag + Z Ane™ "5 cos (%) .
n=1
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Orthogonality of Cosines

Assume m # n, integers and with some trig identities consider
n—m)neT n+m)mwx
(nom)me ) 4 cog ( (e )

/OLCOS (?) cos (?) de = /OL COS( = 3 dx

sin (7(n72n)ﬂx) sin (L"Jf’zl)m?) L

1
T2 (n —m)w/L * (n+m)r/L
= 0
When m = n, then
L L q 2nmx
/cos?(@)dx _ / Lo cos (B7)
0 L 0 2
L
0
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Orthogonality of ¢g(x) and ¢, (z)

Consider ¢g(z) =1 and ¢, (z), and integrate

[ teos (M) ar = 2 (s (")) = o

Also,
L
/ (1-1)dz = L.
0

The eigenfunctions, ¢;(x), @=0,1,2,..., are mutually
orthogonal, which allows finding Fourier coefficients for any
initial conditions, f(z), where

nmx

u(x,0) = f(z) = Ao + iAn Cos (T) .

n=1
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Fourier Coefficients

For
flz) = AO+ZA Cos<n7£x)’

n=1
we first multiply by ¢o(x) = 1 and integrate = € [0, L], which by
orthogonality with ¢, (z),n = 1,2, ... gives

L L 1 L
/0 f(x)dxz/o Apdz = AoL, or Ay = Z/o flx)dx

Next we multiply by ¢,,(x) and integrate = € [0, L], so

/f cos )dx ZA/ (cos($)cos

L
2
from orthogonality.

(7)o
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Fourier Coefficients

It follows that the Fourier coefficients are:

= i/OL f(x)dx and A, = 12;/0L f(x) cos (?) dz.

Recall the solution of the heat equation with insulated
boundaries conditions is given by:

nes Ao+ZAe (%)

The steady-state solution examines t — oo,

1 L
tlirgou(x t)y=Ag = Z/o f(x)dx

which is the average temperature distribution from the ICs.
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Heat Conduction in a Ring

Heat Conduction in a Ring: Here we consider a thin, insulated
wire that is deformed into a ring.

The model satisfies the
heat equation.

PDE: u; = kugy,,
t>0, —-L<xz<lL,

BC: Periodic (homogeneous):
u(—L,t) = u(L,t),
Ug (=L, t) = ugp (L, t),

IC: u(z,0) = f(z), —-L<uz<L.
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Heat Conduction in a Ring

The PDE for the Heat Equation in a Ring separates as before, so
if u(z,t) = ¢(x)G(t), then

Vel "
oG = koG or e % =\
Again the time-varying ODE is:
G = —k)\G,
which has the solution
G(t) = Ae kM
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Heat Conduction in a Ring

The associated Sturm-Liouville/BVP in space, z, is
§"+Ap=0  with o(—L)=@(L) and ¢(-L)=g'(L).
Case (i): Let A=0, then¢” =0 or ¢(x)=cox+cy.
The BCs give ¢(—L) — ¢(L) = —2coL =0 or c5 = 0.
Also, ¢'(—L) — ¢'(L) = ca — ¢ = 0, which gives no new information.

Thus, c; is arbitrary, so we have an eigenvalue Ao = 0 with associated
eigenfunction:

oo(z) = 1.
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Heat Conduction in a Ring

Case (ii): Let A= —a? <0, then ¢" —a?¢p =0, so

@(x) = ¢ cosh(ax) + ¢o sinh(ax).

The first BC gives

¢1 cosh(—al) + ¢ sinh(—alL) = ¢; cosh(aL) + ¢o sinh(aL), so

2¢y sinh(aL) = 0 (from cosh being even and sinh being odd). Hence,
Co = 0.

The second BC gives
crasinh(—al) + coacosh(—aL) = ciasinh(aL) 4+ coa cosh(alL), so
2ciasinh(al) =0 or ¢; = 0.

Thus, if A < 0, only the trivial solution, ¢(x) = 0, satisfies the BCs.
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Heat Conduction in a Ring

Case (iii): Let A\=a? >0, then ¢’ +a?¢ =0, so

¢(x) = c1 cos(ax) + co sin(ax).

The first BC gives

¢1 cos(—al) + casin(—al) = ¢ cos(aL) + cg sin(aL), so

2¢g sin(aL) = 0 (from cos being even and sin being odd), which has
nontrivial solutions, ¢y # 0, when o, = nn/L, n=1,2,..

The second BC gives

—ciasin(—al) + caacos(—al) = —ciasin(al) + caacos(alL), so
2¢iasin(al) = 0, which has nontrivial solutions, ¢; # 0, when

anp =nr/L, n=12 ..

It follows that A\, = a2 = ”2752 ,n=1,2,..., are eigenvalues with

corresponding independent eigenfunctions
¢n(x) = Ay, cos (?) + B, sin (?) , n=12 ..
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Heat Conduction in a Ring

The product solutions are:

up(z,t) = Ao

n2r2¢
up(z,t) = e v (An cos (?) + B, sin (?)) .

The Superposition Principle gives the solution:

u(z,t) = Ag + Z e knLg . (An cos (?) + B, sin (?)) .

The Initial Condition gives

u(z,0) = f(z) = A0+Z(A cos( z )+Bnbm(”f)).

n=1
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Orthogonality
The orthogonality over x € (=L, L) give

L mmx nmwT 0 n#m,
/ cos( )cos(—)dz = L n=m#0,
-L L L 2L n=m =0.
L mwrx\ . (NTX 0 n #m,
[Ls1n( T )sm(T)dz = {L n=m#0.
L
/ cos (mﬂx)sin (ﬁ) de = 0 forall n>0, m2>0.
L L L
The Fourier coefficients are
1 L
Ay = — d
0o = o [ f@is,
1 L nmT
Ap = Z[Lf(m) cos <T> dz,
1 L . nmwx
B, = f/_Lf(x) sin <T> dz.
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Laplace’s Equation on a Rectangle: Consider a rectangular
region, 0 < x < L and 0 <y < H. We seek the steady-state
temperature distribution in this rectangle

Laplace’s Equation u=f(x)
satisfies:

PDE: V2u = 0,
ot gE=0

BC’s: u(x,0) = fi(z),
u(x’H) = fg(l'),
uw(0,y) = g1(y),
u(L,y) = g2(y)

This problem has 4 nonhomogeneous BC’s

a1(y)
(R =n

Viu=0

u= fi(z)
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Laplace’s Equation on a Rectangle: It is easier to use the
superposition principle and divide the problem into 4 problems,
each with only one nonhomogeneous BC

Laplace’s Equation b =0
satisfies:

PDE: VZu, =0,

Q
<
=
_|_
9%
<e
M=

|
()
u =0
O:ln

Vu; =0

BC’s: ui(z,0) = fi(x),
up(z, H) =0,

u1(0,y) =0,

ui(L,y) =0

u = fix)

This problem is readily solved with our Separation of Variables
technique. (Similarly, for the other 3 problems.)
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Laplace’s Equation

Laplace’s Equation on a Rectangle: Consider the problem:

82u1 6211,1

6x2+8y2 =0, O<z<L and 0<y<H.
The BCs are
ui(z,0) = fi(z), uy(z, H) =0,
u1(0,y) =0, ui(L,y) =0

Assume u(z,y) = ¢(z)1(y), then the PDE becomes

9" (x) ¥ (y)
O P =0 or =0y,
¢(x) ¥(y)
which is a constant because each side of the equation varies
independently in either x or y.

Separation of Variables — (20/37)




Laplace’s Equation - Rectangle Separation of Variables
Superposition principle

Laplace’s Equation

From our separation assumption the homogeneous BCs imply that
Y(H) =0, ¢(0) =0, and  ¢(L) =0.

We need to locate our Sturm-Liouville problem to obtain our
eigenvalues and eigenfunctions for this PDE.

Significantly, we find the pairwise homogeneous BC conditions, which
in this case are associated with ¢(x), so examine

¢ +Ap=0,  with ¢0)=0 and ¢(L)=0.

This eigenvalue problem is familiar from before with

2,2
Eigenvalues: \, = nTZ’ n=12..
Eigenfunctions: ¢, () = sin ("—z“’) , n=12 ..
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Laplace’s Equation

With the eigenvalues, A\, = %, we solve the second ODE:
2,2
W — ”LZ =0, with o(H)=0.

With the homogeneous boundary condition, it suggests selecting the
linearly independent solutions:

¥(y) = c1 cosh <m(h£_y)> + ¢y sinh (W) .

The BC, ¢(H) =0, gives ¢(H) =c¢; =0, so

W(H—y)> _

¥n(y) = cosinh ( T

The results above are combined with wu, (z,y) = ¢n(z)1n(2)
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Laplace’s Equation

The extended superposition principle gives the following solution:
o0
H—
= Z B, sin (?) sinh <n7r(Ly)) .
n=1
It remains to examine the nonhomogeneous BC

ui(z,0) ZB sm( ) sinh ("”LH)

We use the orthogonality of the sines to obtain the Fourier
coefficients

B,, sinh (mrH) / filz sm )dx
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Laplace’s Equation

This process could be repeated for each of the other Dirichlet BCs to
find the 3 other solutions with 8 homogeneous BC's

For example, if u2(0,y) = g1(y) (other BCs homogeneous), then the
same procedure above gives

uz(z,y) = i C,, sinh (W) sin (222,

n=1

where the Fourier coefficient satisfies

2 & . nmy
Cn - I’ISHll'l(mrHL)/O 91(33) Sin (?) dy

We solve all these problems, then the general Laplace’s equation
satisfies

U(I’,y) = ul(:c,y) + uQ(x,y) +U3(l’,y) + u4(:c,y).
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Laplace’s Equation

Separation and Sturm-Liouville Problem
r Equa
Superposition and Fourier Coefficients

Laplace’s Equation - Circular Disk: Consider a circular region,
0<r<aand —7 < 6 <. Find the steady-state temperature

distribution.

Laplace’s Equation
satisfies:

PDE: Viu =12

o (157) + 52 5
BC: u(a,0) = f(0),

This problem has periodic BCs
(homogeneous):

u(r,—m) = u(r,m)

and

=0.

ug(r, —m) = ug(r, m).

There is an implicit BC that solutions are bounded, so

|u(0,0)] < oco.
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Separation and Sturm-Liouville Problem
r Equation

Laplace’s Equation - Circular Disk Superposition and Fourier Coefficients

Laplace’s Equation

Separation of Variables: Let u(r,0) = ¢(0)G(r)
ld ( dG
"ar

) o+ Lag =0
T

This gives
r d dG @
——|r—=)=——=A\
Gdr dr 1)

The Sturm-Liouville problem has the eigenvalue problem:
¢+ =0,
where the periodic BC's on u(r,6) imply that

¢(=m) =¢(r) and  §(-7)=¢'(m).
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Laplace’s Equation - Circular Disk Superposition and Fourier Coefficients

Laplace’s Equation

Earlier we saw that the Sturm-Liouville problem:
¢"+Xp=0, ¢(-m)=¢(r) and ¢'(-m)=4¢'(m),

with periodic BCs satisfies the following:

Q If \ <0, then only the trivial solution exists.

© For )\ = 0, there is the eigenfunction
(,250(.17) =1.
@ For A\ = o? > 0, we obtain eigenvalues and eigenfunctions:

A\p = n?, on(0) = A, cos(nb) + By, sin(nd), n=12..
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Laplace’s Equation - Circular Disk Superposition and Fourier Coefficients

Laplace’s Equation

From the separation of variables, the r equation becomes

or

r?G" +rG' —n?’G =0.

When n = 0, the r equation satisfies:

4 (46 _,
ar \"ar ) T

which is integrated twice to give

aG
e
G(r) = aln(r)+co.

Separation of Variables — (28/37)



Separation and Sturm-Liouville Problem
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Laplace’s Equation - Circular Disk Superposition and Fourier Coefficients

Laplace’s Equation

Thus, for A\g = 0, we have Go(r) = ¢1 In(r) + cs.
The boundedness BC as r — 0 implies ¢; = 0, so
Go(r) = ¢

For n > 0, the differential equation in G(r) is Euler’s equation:
G +rG —n*G =0,

a—1

which is solved by using G(r) = ¢r®, so G'(r) = car and

G"(r) = cala —1)r*=2 or
cala — 1)r* 4+ car® —n?cr® = 0,
cr®(@®—n?) = 0
Thus, the general solution to this Euler’s equation is:
Gn(r) =cr™ " + cor”.
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and Sturm-Liouville Problem

Laplace’s Equation - Circular Disk Superposition and Fourier Coefficients

Laplace’s Equation

The boundedness BC as r — 0 implies for G,,(r) = c17™" + cor™
that ¢; =0, so
Gn(r) = cor™.

Combining the results above with the Superposition Principle
gives:

u(r,0) = Ao+ Z A1 cos(nf) + Z B, r" sin(nd),

n=1 n=1

0<r<a, —-w<6<m.
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Laplace’s Equation - Circular Disk Superposition and Fourier Coefficients

Laplace’s Equation

Applying the BC at r = a gives:

u(a,0) = f(0) = AO+Z Apa” cos(nﬁ)—i—z Bpa"sin(nf), —w<6<m.

n=1 n=1

From the orthogonality, the Fourier coefficients are

Ag= [ fo)ae
2 J_,
A, = [ f@)costno)ds B, = / " () sin(n6)do
" man — " man - '

Note that in Steady-state the temperature at the center of the disk
is the average of the perimeter temperature
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Mean Value Theorem

Theorem (Mean Value Theorem)

The average solution of Laplace’s equation inside a circle gives the
temperature at the center (origin or r =0),

u(0,0) = Ag = % £(6)do.

The temperature at the center of a circle is the average of the
temperature around any circle of radius, rg, (inside R)
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Maximum Principle

Theorem (Maximum Principle)

In steady state, the temperature cannot attain its maximum (or
manimum) in the interior unless the temperature is constant
everywhere (assuming no sources or sinks).

Sketch of Proof: Assume there is a maximum at a point P inside R.
Create a small circle about P completely inside R. If it is the
maximum point, then it can only be the average of the surrounding
circle if all points on the circle are also maximum points. Thus, all
points throughout the region have the same value.

It follows that the maximum and minimum temperatures occur on
the boundary of R.
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Uniqueness
Properties of Laplace Equation Solvability Condition

Well-posedness

A problem is well-posed if there exists a unique solution that
depends continuously on the nonhomogeneous data, i.e., small
variations in the data result in small changes in the solution

Consider

V2u=0 on R with w= f(z) on OJR.

Consider a small variation on the boundary, R, with g(z) ~ f(x)
V=0 on R with v=g(z) on OR.
Let w = u — v. Clearly,

Vi2w=0 on R with w= f(z) —g(z) on OR.
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‘Well-posedness

Uniqueness
Properties of Laplace Equation Solvability Condition

Well-posedness

Since
Vi2w=0 on R with w= f(x) —g(z) on OJR,

the Maximum (and minimum) principle give the maximum and
minimum of the solution occur on the boundary, OR.

It follows that

min(f(z) — g(z)) < w < max(f(z) — g(x)) forall z € R.

Thus, if f(z) is close to g(x), then w is small everywhere in R
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Properties of Laplace Equation

Uniqueness

Theorem (Uniqueness)

If u(x) is a solution of
V2u=0 for z€R with w= f(z) on OR,

then u(x) is unique.

Proof: Suppose there is another v(z) with V2v = 0 and v = f(z) on
OR. Let w = u — v, then

Viw=0 for z€R with w=0 on OR.

The Maximum principle implies w(z) = 0. Thus, u(z) = v(z), so
u(z) is unique. Q.E.D.
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Properties of Laplace Equation

Solvability Condition

If the heat flow is specified, —KyVu - i, on the boundary, OR and
suppose that
V2u=0 onR.

According to the Divergence Theorem, we have

//VQudAz/ v-vudAzjfvu-ﬁds.
OR

R R

Thus, when u satisfies Laplace’s equation, then the net heat flow
through the boundary, R, must be zero for the solvability
(compatibility) condition.
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