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For all x P R` define gpxq “ limrÑ0ppx` 1qr`1 ´ xr`1q1{r. Find limxÑ8
gpxq
x .

We ignore professors who walk by and mention Euler’s e. Instead, we adapt the
equations step by step so that each time the problem looks easier to solve.

For all positive reals a, b and all c we have pabqc “ acbc. So px ` 1qr`1 ´ xr`1 “

xr`1p1` 1{xqr`1 ´ xr`1 “ xrxpp1` 1{xqr`1 ´ 1q. So

ppx` 1qr`1 ´ xr`1q1{r “ xpxpp1` 1{xqr`1 ´ 1qq1{r, and
gpxq
x “ limrÑ0pxpp1` 1{xqr`1 ´ 1qq1{r

When x goes to infinity 8, quantity 1{x goes towards 0 from the positive side. Set
y “ 1{x. We get

lim
xÑ8

gpxq

x
“ lim

yÓ0
ygp1{yq “ lim

yÓ0
lim
rÑ0

p
p1` yqr`1 ´ 1

y
q1{r

We may suppose that y is small, say 0 ă y ă 1
10 . Then p1 ` yqr`1 “

ř

iě0

`

r`1
i

˘

yi “

1` pr ` 1qy ` pr`1qr
2 y2 ` pr`1qrpr´1q

6 y3 ` . . .. So after canceling the first 1, we have

ygp1{yq “ limrÑ0p

ř

iě1 p
r`1
i qy

i

y q1{r “ limrÑ0p
ř

iě1

`

r`1
i

˘

yi´1q1{r “

limrÑ0p1` rp1` r`1
2 y ` pr`1qpr´1q

6 y2 ` . . .qq1{r

We may suppose that r is also small, say 0 ă |r| ă 1
10 . So

hrpyq “
r`1
2 y ` pr`1qpr´1q

6 y2 ` . . . “ yp r`1
2 `

pr`1qpr´1q
6 y ` . . .q

is such that |hrpyq| ă 5y (the 5 is chosen generously), and

ygp1{yq “ limrÑ0p1` rp1` hrpyqqq
1{r

So (we get the same limit regardless of whether r ą 0 or r ă 0) we have

limrÑ0p1` rp1´ 5yqq1{r ď ygp1{yq ď limrÑ0p1` rp1` 5yqq1{r

We recall from calculus (hopefully from analysis as well) that limrÑ0p1 ` rcq1{r “ ec.
As a reminder, take the natural logarithm lnpp1` rcq1{rq “ 1

r lnp1` rcq and notice that
limrÑ0 of the expression looks like a derivative, and so on. So

e1´5y ď ygp1{yq ď e1`5y

Thus limxÑ8
gpxq
x “ limyÓ0 ygp1{yq “ e.
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